I t is shown th a t in certain m odes of v ib ratio n of plane rings th e p o te n tia l energy for sm all dis placem ents is propo rtio n al to th e fo u rth pow er of th e displacem ent, p ro v id ed th a t th e re is free ro tatio n ab o u t th e bonds of th e ring. T his ty p e of v ib ra tio n is term ed a 'fo urth-pow er v ib ra tio n '. I t is likely to occur in cyclobutane a n d its deriv ativ es, in a n u m b er o f halides having th e form ula X 2Y 6, an d in th e hydrides of group I I I elem ents.
The energies and w ave functions of th e first four levels o f a one-dim ensional oscillator w ith V(x) -ax4 have been derived b y a m eth o d of successive ap p ro x im atio n s, an d asy m p to tic form ulae are given for th e higher levels. The w ave functions are q u a lita tiv e ly sim ilar to those of a harm onic oscillator, b u t th e energy levels differ considerably. A com parison is m ade betw een energy levels for oscillators w ith V(x) = aQ \xP\ a n d different values o f q.
The selection rule for dipole ra d ia tio n from a fou rth -p o w er v ib ra tio n is discussed. O ver tones will be m ore num erous th a n in th e sp ectru m o f a h arm onic oscillator. E stim a te s are m ade of th e spectrum frequencies of fo urth-pow er v ib ra tio n s in a c tu a l m olecules, w ith special reference to cyclobutane an d diborane. F o r these tw o m olecules th e re are observed infra-red frequencies of ap p ro x im ately th e expected value. T he isotope effect should provide a m eans of discrim inating ex p erim en tally b etw een harm onic a n d fo urth-pow er v ib ratio n s.
The co ntribution of a fourth-pow er v ib ra tio n to a n y th erm o d y n am ic fu n ctio n will differ from th a t of a harm onic v ib ra tio n w ith th e sam e fu n d a m e n ta l sp ectru m frequency. F igures are given for th e specific h e a t, w here th e difference should be d e tec tab le ex p erim en tally . In th e general case V(x) = aQ | xq | th e energy levels derived from th e q u a n tu m th e o ry lead to expressions for th e therm o d y n am ic functions w hich agree w ith th e pred ictio n s of classical th eo ry a t high tem p eratu res.
I n t r o d u c t i o n
The energy levels and wave functions of a one-dimensional oscillator have been derived for a number of different potential energj^ functions, the simplest of which is the harmonic oscillator with V(x) = ax2. All these functions resemble the harmonic oscillator in th a t the plot of V(x) against x has a finite radius of curvature a t the equilibrium point x -0, i.e. if V(x) is expanded in powers of x near x = 0, the coefficient of x 2 is n o t zero. Similarly, in the normal co-ordinate treatm en t of m cular vibrations it is always assumed in the first instance th a t the potential energy is a quadratic function of the displacements, further term s being introduced only as corrections to the quadratic form. I t will be shown in the present paper th a t there m ay be some types of molecular vibration for which these methods of treatm en t are inadequate, since for small displacements the potential energy is proportional to the fourth power of the displacement. In these cases if V(x) is expanded in powers of x near x = 0. the coefficient of x2 is zero, and the plot infinite radius of curvature a t x -0. I t is therefore of inte properties of a one-dimensional oscillator in which V(a;) = axi , and a vibration of this type will be referred to as a fourth-power vibration.
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V i b r a t i o n s o f p l a n e r i n g s * The kind of vibration described above may occur in molecules containing a plane ring of four or more atoms, which may have other atoms or groups attached to them. This can be illustrated by considering the ring A BC D in figure 1. In one of its modes of vibration the atoms will move initially a t right angles to the plane of the ring, as shown by the arrows. I t is easily seen from the geometry of the system th a t a first-order infinitesimal displacement x produces only a second-order change in the distances between any pair of atoms, or in the angles between any pair of bonds attached to the same atom. If therefore the forces in the ring can be represented by either a valency-force or a centra 1-foroe system, the expression for the potential energy will contain no term in x 2, and if the usual normal co-ordinate treatm ent is carried out one frequency will tu rn out to be zero. The nature of the forces which resist distortion from a plane ring-configuration will vary from one case to another, and will be related to the path followed by the atoms in a finite displacement. Two extreme cases may be distinguished. In the first case, if the forces between unlinked atoms can be neglected, then the distances between adjacent (linked) atoms will remain unchanged, the atoms will describe circles (e.g. a, a in figure 1), and the restoring force will be due to distortions of valency angles. In the second case, if the diagonal distances A C and BD are fixed by strong forces, the atoms will continue to move in straight fines, and there will be a change both in the valency angles and in the bond distances CD and D A. In either case it is clear from the geometry of the system that for a small displace ment the changes in distances and angles are all proportional to the square of the displacement, and hence that the change in potential energy is proportional to the fourth power of the displacement. In an actual system the motion would represent a compromise between these two extreme cases, resembling the first case more closely, since the forces between finked atoms will normally be greater than those between unlinked ones. The potential energy will also follow a fourth-power law in this intermediate case, and the constant a in V(x) = axi can be expressed in terms of the ordinary quadratic force constants of a central-force or valency-force system.
It has been tacitly assumed so far that there is no restriction on the relative directions of bonds attached to different atoms, i.e. that there is free rotation about the bonds in the ring. I f rotation is not free there may be a quadratic term in the potential energy even when there are no groups attached to the ring atoms: for example, in the motion represented in figure 1 the bonds A D and BC are twisting about A B . We can therefore exclude from consideration here plane rings con taining bonds of higher order than single bonds (e.g. benzene), since in these there is undoubtedly restricted rotation about the ring bonds. In the cycloparafiin series rings containing six or more atoms are non-planar, so that the present treatment will apply directly only to cyclobutane and its derivative, and possibly also to cyclo pentane, though there is some evidence (Aston, Fink & Schumann 1943) that the latter may not be planar. There are also many compounds of formula X 2Y6 which contain a planar four-ring of single bonds: thus dimeric aluminium chloride can be written There is probably always some resistance to rotation even about single bonds, which may introduce an energy term proportional to 2 in the type of vibration considered above. Experimental and theoretical knowledge on this question is at present very incomplete, but the available data suggest that hindered rotation is unlikely to be the decisive factor in the present problem, though it is likely to produce a correction to the energy expression V(x) = axx for relevant values of the displacement. In any case a study of the ring vibrations should give information about the actual form of the potential-energy curve, and hence about the extent to which rotation is restricted. It should be noted that the existence of an appreciable hindrance to rotation will in general modify the normal strain-free equilibrium configuration of the ring, e.g. cyclobutane would not be exactly planar. However, electron diffraction measurements on methylenecyclobutane (Bauer & Beach 1942) indicate a planar configuration for this compound, and the vibrational spectrum of cyclobutane itself (Wilson 1943) does not admit of a non-planar structure: hence it is probable that resistance to rotation is small in this compound.
E n e r g y l e v e l s a n d w a v e f u n c t i o n s If the potential energy is given by V(x) = 4, the wave equation is Kimball & Shortley (1934) gives both eigen-values and eigen-functions, and we have applied it to the first four levels of equation (3), using a difference AE, -0*2. Starting w ith a trial function of roughly the right form, satisfactory convergence is obtained after 4-6 approxim a tions. The eigen-values of A thus obtained are given in column (a) of table 1. They have an estim ated accuracy of about 2 %. Figure 2 shows the first four wave func tions obtained by the method given in table 1, which are qualitatively similar to those for a harmonic oscillator. The difference is illustrated by the broken curve, which is the wave function of the lowest state of a harmonic oscillator having the same energy as the lowest state of (1).
F ig u r e 2
T a b l e 1. E i g e n -v a l u e s o f e q u a t i o n (3 ) 
The occurrence and properties of molecular vibrations P utting V(x) = ax* and y = V(x)jWn,and using (2) The values of An calculated from equation (5) (4) and of (5), giving A, {47r(2n + 1)|*
The values calculated from equation (7) are given in column (c) of (4) gives A0 = 1-15, which differs more from the accurate value 1-061 than does the second approxim ation 0-99. This is consistent w ith the fact th a t the B.W .K. method involves an asym ptotic and not a convergent expansion, and it is thus doubtful whether the inclusion of the second term in equation (4) produces in general an im provement on equation (7). The early divergence of the asym ptotic series in the case V(x) -ax4 can be related to the proxim ity of two im aginary zeros of the expression W -V(x) (Kemble 1935). In subsequent calculations values in column ( ) have been used for A0 and Ax, those in column (a) for A2 and A3, and column (c) for A4 and higher levels. I t is interesting to note the change in the sequence of energy levels for the general symmetrical potential well F(x') oc | xq | as the value of q is changed. Some of these values are given in table 2, the energy of the lowest level being taken as unity in each case. The values in the first row have been derived elsewhere (Bell 1944) , while the last row represents a rectangular potential box, corresponding to 00. These results may be compared w ith expressions previously derived for the permeability of a potential barrier with V(x) = Ij,(laq | xq |), which show a 1937). The asymptotic formula (15) shows th a t the gradation persists in the higher levels. 
R. P. Bell
i.e. the fundamental' spectrum frequepcy is somewhat higher than the mechanical frequency of the system in its lowest state. According to the correspondence prin ciple, as the quantum number n increases, the spectrum frequency for the transition n-*-n + 1 will approach more and more closely to the mechanical frequency of the system, and it is easily shown directly from equations (7) and (9) that this is so in the present case.
It is of interest to determine the approximate frequency of fourth-power vibra tions in actual molecules, as a guide to their experimental detection. To do this the simple case of a square ring of four identical atoms is considered, assuming that forces between unlinked atoms can be neglected, and that the force constants for bond stretching are very large compared with those for valency bending. There are then two types of vibration which the ring can execute (without altering the bond lengths): (a) vibration in the plane of the ring, the atoms moving along the diagonals of the square, and (6) vibration at right angles to the plane of the ring, the atoms moving along the circles indicated in figure 1. For small displacements (a) is a  simple harmonic vibration, while (6) is a fourth-power 
and hence for the ratio of the two frequencies
On putting reasonable values for m, d and 6 into equation (13), we find vbJva^O 'l -0*2. This value applies directly only to the simple model which is taken here, but it should be of the right order of magnitude in more complicated cases. Since the harmonic bending frequencies va he in the range 150-1500 cm.-1 (according to the mass of the atoms), the fourth-power frequencies should be frequently detectable in the infra-red or Raman spectrum. The molecule which approaches the model most closely is cyclobutane. If each CH2 group can be considered to move as a whole, and interaction between unlinked atoms is neglected, then the second part of equation (12) Further identification of these frequencies as fourth-power vibrations might occur through their overtones, or through the thermal properties dealt with in the next section. However, the most direct verification would be by means of the isotope effect, since equation (8) shows that v oc ra-1, instead of the usual v oc m~*. This test should be particularly valuable for diborane and similar compounds, where hydrogen atoms form part of the ring. In other cases the isotope effect can be approximately simulated by attaching groups to the ring, e.g. by comparing cyclo butane with alkyl-cyclobutanes. Since the fourth-power vibrations have a consider ably lower frequency than the other vibrations of the system, the primary effect of substitution is merely to increase the mass of the units composing the ring.
In dealing with the spectrum and with the thermal properties, the fourth-power vibration is being treated as if it were one of the normal vibrations of the system, and thus qualified to make an independent contribution to the kinetic and potential energy of the system. This is not strictly legitimate, since the whole theory of normal vibrations depends on the assumption of harmonic vibrations of small amplitude. However, on account of the low frequency of the fourth-power vibration, it seems physically reasonable to treat it independently of the other modes of vibration, at least as a first approximation.
T h e r m o d y n a m i c p r o p e r t i e s
The contribution made by a fourth-power vibration to the various thermo dynamic functions can be evaluated by the standard methods. For high tempera tures equation (7) can be used in conjunction with the Euler-Maclaurin summation formula, but for lower temperatures it is necessary to use the more exact energy levels and to sum term by term. For a given fundamental spectrum frequency f0, the contribution of a fourth-power vibration to any thermodynamic function will differ from that of a harmonic vibration. The extent of the deviation is illustrated by table 3, which gives the molar specific heat as a function of hvJkT. It will be seen th a t a t low tem peratures there is little difference between the two types of oscillator, corresponding to the fact th a t only the two lowest levels are effective in determining the specific heat. A t higher tem peratures the difference is considerable, and should be detectable experimentally. A t interm ediate tem peratures the value of cv/R for the fourth-power vibration rises slightly above the limiting high-tem perature value of 3/4. This limiting value is in accordance w ith the classical equipartition theory, according to which any form of energy proportional to the gth power of a co-ordinate or a m om entum contributes RT/q to the to tal energy per mole: in the present instance the kinetic energy contributes \RT and the potential energy \RT. I t is interesting in this connexion to consider the more general oscillator repre sented by V{x) = aQ (14) where q can have any positive value. For high quantum numbers the energies are given by the first term of equation (4), which reduces to i f i/3+l _ q f n + 2 )^a g g A l / ff + f) 2 y/(2mn) Jq)
At high tem peratures nc an be treated as a continuous variable and t tions in the partition function replaced by integrations. P utting t -W JkT this gives for the mean energy per mole 
